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ABSTRACT 

The Industrial Source Complex-Short Term Model-Version 3 (ISCST3) is a steady-state 
Gaussian dispersion model designed to support the Environmental Protection Agency’s regulatory 
modeling programs. It is often employed to estimate air concentrations and depositions associated 
with air emissions from a source of air toxics, and thus to provide exposure information for risk 
assessment. Combining a prior distribution described by the ISCST3 model output concentration and 
the associated model uncertainty with a likelihood distribution consisting of measurement data and 
its associated measurement uncertainty, a posterior distribution describing the uncertainty in the 
pollutant concentration was produced. The resulting Bayesian methodology was used to determine 
95% confidence intervals for pollutant concentrations under a variety of scenarios. The methodology 
can also determine if the inclusion of the modeling results could significantly reduce the uncertainty 
associated with estimates of air concentration used in exposure assessment. This study has found that 
given a large standard deviation of modeling results (geometric standard deviation 5 and above), the 
Bayesian approach does not result in reduction of overall uncertainty. The Bayesian technique could 
be very useful for determining where and how modeling and measurement can be combined to more 
accurately identify pollutant concentrations and in turn, more accurately determining human health 
risks. 
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INTRODUCTION 
 
The development of a model for an incinerator 

risk assessment includes the collection of site-specific 
information on environmental factors such as air, wa-
ter and land use conditions, exposure factors, and re-
lease characteristics. These characteristics, associated 
with the incinerator air emissions, are used to develop 
a multimedia transfer, transport, and transformation 
model to estimate the concentration distribution in 
various environmental media and food items with 
which people come into contact. From this, estimates 
of the dose distribution that people receive and finally 
the risk distribution associated with the concentrations 
are calculated.  

Risks arise because of the existence of a hazard 
and the uncertainty associated with the resulting effect. 
Uncertainties in risk analyses can arise from incom-

plete knowledge about the system one is studying, in-
cluding uncertainty due to model formulation and un-
certainty due to parameter estimation conditional upon 
adoption of a particular model form. A better under-
standing of the uncertainties associated with the model 
can help to determine the accuracy of the model as a 
tool in risk assessment. Comprehension of the model’s 
accuracy gives a better understanding, in turn, of the 
accuracy in estimates of people’s exposure to incin-
erator emissions. From this, the accuracy of estimates 
of risks of adverse health effects associated with ex-
posure to these emissions can be estimated. Finally, 
the reliability of decisions as to whether the emission 
levels are safe for overall human health can be deter-
mined. The goal of the decision-maker is to develop 
policies that will produce the desired risk-based goals 
with reasonable confidence. Thus, quantifying uncer-
tainty in risk calculations for the model is essential to 
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the decision making process.  
According to Morgan and Henrion [1], uncer-

tainties can be classified into several sources, includ-
ing random error and precision, systematic error and 
accuracy, variability, approximations, and model form 
uncertainty. All of these sources of uncertainty appear 
in the practice of calculating risks to individuals and 
populations from air toxics emitted by a source. Char-
acterization of these uncertainties requires considera-
tion of the uncertainties due to measurements of air 
concentrations (issues of precision and accuracy), sto-
chastic variation in physical parameters (issue of vari-
ability), and model uncertainty (issues of approxima-
tions and model form). Reduction of these uncertain-
ties can best be accomplished by making maximal use 
of both the model predictions and measurement results.  

The issue posed now is how modeling results 
and measurement data can be combined to reduce the 
overall uncertainty and help in the decision making 
process. This study accomplishes that goal through 
use of a Bayesian methodology to investigate how to 
combine modeling results with field observations to 
provide more reliable estimates of exposure and risk 
based on model predictions in ISCST3 (The Industrial 
Source Complex-Short Term Model-Version 3). The 
approach taken is to first determine the uncertainty as-
sociated with characterization of exposure at a single 
point in space and time within the exposure field sur-
rounding a source of air toxics. This procedure makes 
use of Bayes’ Theorem to combine measurement and 
modeling results. Having established this procedure, 
the research further considers the application of the 
methodology to more complex problems involving 
multiple spatial locations and time-weighted average 
exposures. Throughout the discussion, an example of 
exposure to air toxics from an incinerator in Taiwan is 
used. It is important to note, however, that the results 
of the study are broadly applicable and not restricted 
to this example.  

 
MODEL UNCERTAINTY ANALYSIS 

 
1. The Exposure Scenario 

 
The exposure scenario used in this study to de-

velop and demonstrate the Bayesian methodology is 
part of a research to perform a full risk assessment on 
an incinerator facility located in Taipei County, Tai-
wan. For that assessment, the ISCST3, a steady-state 
Gaussian dispersion model designed to support the US 
Environmental Protection Agency’s regulatory model-
ing programs, will be used to perform air dispersion 
modeling of the incinerator facility [2]. 

The facility is a point source with one stack and 
is considered to be located in a rural setting. The dis-
persion model requires facility specific input parame-
ters such as the emission rate (1 g s-1 for the present 
scenario), physical release height (120 m), stack tem-

perature (418 K), stack gas exit velocity (9 m s-1), and 
the inside stack diameter (2 m). In addition, it requires 
terrain data for the area surrounding the facility as 
well as hourly meteorological data for calculations of 
pollutant concentrations. The meteorological data 
consist of the date, time, wind speed, wind direction, 
ambient temperature, stability class, mixing height, 
friction velocity, Monin-Obukhov length, surface 
roughness length, precipitation code, and precipitation 
rate. The air concentrations are estimated every 250 m 
away from the facility until 5 km and at every ten de-
grees around the facility from 0 to 350°.  

 
2. Determination of Output Uncertainty as A Result 

of Assigned Uncertainty for Model Parameters 
 
The uncertainty analysis for the model concen-

trated on using the uncertainties in meteorological 
data and input source parameters to determine overall 
model uncertainty. The analysis began with the mete-
orological data from April 13, 1997 as the baseline 
scenario. Following Dabberdt and Miller [3], uncer-
tainties were defined for the following variables: wind 
speed, wind direction, stability, plume rise, and emis-
sion rate. Uncertainties were assigned to each variable 
as included in Table 1. Note that plume rise is de-
pendent on multiple factors: stack gas exit velocity, 
wind speed, stability, mechanical rise, plume buoy-
ancy, and mixing depth. Since there is a direct linear 
relationship between plume rise and stack gas exit ve-
locity, the ± 25 % change in stack height was reflected 
by using stack gas exit velocity as the adjusted vari-
able [4].  

Model runs then were performed using the base-
line, upper end and lower end of the confidence inter-
val for each parameter. This produced three estimates 
of the concentration for each spatial location in the 
exposure field. The method for identifying output un-
certainty was to find the fractional error (FE) associ-
ated with a particular alternative scenario (i.e. a sce-
nario with specified input uncertainty). The general 
equation for FE used in the present study is: 

 

output scenario Baseline

output scenario eAlternativ -output  scenario Baseline=FE  

 (1) 

The above calculation was performed for all di-
rections and all distances from the origin for all of the 
alternative scenarios associated with a particular input 
variable to determine output uncertainty (summarized 
by FE) for each spatial location in the exposure field 
for the input uncertainty. Then the overall uncertainty 
associated with that input uncertainty was identified 
through a histogram. For example, Fig. 1 shows a his-
togram for output uncertainty associated with input 
uncertainty of + 15% in wind speed. It was produced 
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Table 1. Summary of the overall output uncertainties to within one standard deviation given a specific uncertainty for 5 
input parameters.  The assigned values of input uncertainty are given by Dabberdt and Miller [3]. The Overall 
Uncertainty shows the uncertainty associated with using a variety of random input uncertainties. The Range 
column shows the range of values that provide the output uncertainty values for a specified parameter to 
within one standard deviation. The midpoint value shows the midpoint between the low and high end of the 
range. 

Parameter 
Assigned Parameter 

Uncertainty 
Range of  

Output Uncertainty (%) 
Midpoint of Output 

Uncertainty (%) 

Wind direction ± 5 Degrees 100-120 110 

Wind speed ± 15% 0-10 5 

Stability class ± 1 category 180-200 190 

Plume rise ± 25% 20-100 60 

Emission rate ± 15% 20-40 30 

Overall uncertainty  200-350 275 

 
Histogram for Output Uncertainties Associated

with Input Uncertainty of +15% in Wind Speed
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Fig. 1. Output uncertainties associated with an input 

uncertainty of 15 % in wind speed. The x-axis 
gives the range of uncertainty values from -4 to 3 
in increments of 0.1. The y-axis shows the 
frequency with which output uncertainties fall 
within a particular range. 

 
using bins of width 0.1 for the FE (i.e. bins of: 0-0.1, 
0.1-0.2, 0.2-0.3, 0.3-0.4, 0.4-0.5, etc.)  

A calculation was then made to determine the 
95% percent confidence interval for the FEs in the 
same population for each source of uncertainty (i.e. 
the value of the FE for which at least 95% of the  
spatial locations produce a FE equal to or less than 
this value; this yields an upper bound estimate of the 
FE likely to be associated with a prediction at a ran-
domly selected spatial location). Taking into account 
both the uncertainty introduced when wind speed is 
underestimated and when wind speed is overestimated, 
an overall uncertainty in predicted air concentration 
due to uncertainty in wind speed of 10% is indicated. 

The above process was repeated for all input pa-
rameters. Results are summarized in Table 1. In each 
case, the magnitude of the overall uncertainty due to 
uncertainty in a given parameter reflects the 95% con-
fidence interval for the FEs introduced by variations 
in that parameter within the range noted by Dabberdt 
and Miller [3]. It may be assumed, therefore, that the 
actual uncertainty associated with any given spatial 

location will be at or below this value. The uncertainty 
shown in this table, therefore, is likely to be an upper 
end estimate of that uncertainty (i.e. a conservative es-
timate, as is common in risk assessment). 

In addition to calculating the individual output 
uncertainties associated with particular inputs, the 
overall uncertainty associated with simultaneous un-
certainty in all parameter values was calculated. This 
was performed in Monte Carlo fashion by randomly 
selecting input parameter values from the upper and 
lower ends of their uncertainty distributions, followed 
by running ISCST3. The same calculation of FE de-
scribed previously then was performed for each spatial 
location and a histogram developed. The 95% confi-
dence interval on FE was determined using the set of 
all of these Monte Carlo simulations. Table 1 shows 
the range of FEs to be expected from each source 
(95% confidence interval), the midpoint of this range, 
and the overall uncertainty to within one standard de-
viation.  

 
BAYESIAN ANALYSIS 

 
1. Bayesian Methodology 

 
In estimating the concentration, both the meas-

urement result and the modeling result provide infor-
mation, but both also have associated uncertainties. 
The present study uses a Bayesian methodology to 
combine the two results and reduce the overall uncer-
tainty. The framework for the Bayesian analysis was 
based on Bayes’ theorem [5].  

Before obtaining the monitoring data, the user of 
the Bayesian methodology needs to know the confi-
dence with which it may be stated that the pollutant 
concentration is at a particular value, C [6]. That con-
fidence is provided by a model result and its associ-
ated uncertainty (here, the result of the ISCST3 model 
run under the same conditions as the measurement). 
The uncertainty in the model result may be summa-
rized by a probability density function (PDF) with 
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mean equal to the model result and variance described 
by the results of Section 2. This PDF is referred to in 
the Bayesian methodology as the prior since it is gen-
erated prior to the measurement result [7]. 

Next, observations are made in the field to pro-
vide measurements of pollutant concentrations. 
Whether it is due to human error in measurement, im-
proper calibration of the instrument or other cause, the 
measurement result will also have an uncertainty as-
sociated with it. This results in a PDF describing the 
uncertainty in the concentration based solely on the 
measurement. This PDF is referred to as the likelihood 
PDF in the Bayesian methodology.  

Taking into account both the modeling uncer-
tainty (prior PDF) and the measurement uncertainty 
(likelihood PDF), the Bayesian methodology can be 
used to generate a composite PDF describing the 
overall uncertainty in the estimate of concentration at 
a particular spatial location where both the model re-
sult and measurement result are available. This com-
bined PDF confidence is called the posterior. 

The following equation calculates the PDF for 
the prior, which was determined from the analysis in 
Section 2 to be approximately normal distribution: 
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where 
σ  = F × C’ 
C’ = concentration value based on model predictions 
C = the value at which the model concentration is 

being evaluated (i.e. the value for which the 
prior is being estimated)  

σ = standard deviation associated with the uncer-
tainty in the predictions of concentration from 
the model  

F = FE associated with a particular model concen-
tration 
Equation 3 calculates the PDF of the likelihood 

describing the probability that a measured concentra-
tion, M, would be produced if the true concentration 
were Cm [8]. This PDF was chosen here to be Normal 
since the PDF for measurement uncertainties typically 
is Normal.  
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where 
σ = Fm × M 
M = the measured concentration at the spatial loca-

tion 

Cm = the “true” concentration value at the spatial lo-
cation 

Fm = FE (standard error of the mean) associated with 
the measurement of concentration at this spatial 
location 
Equation 4 calculates the posterior PDF repre-

senting the confidence that the “true” concentration 
lies in the neighborhood of any value, C.  
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2. An Example  

 
The above PDFs was approximated by a discrete 

distribution. The interval (or bin) width was selected 
to be 1E-4 (10-4) units of air concentration to provide 
reasonable accuracy in the approximation. The proc-
ess was performed through an EXCEL spreadsheet. 
For the purpose of demonstration, Fig. 2 shows an ex-
ample of the PDF calculation result. Figure 2a dis-
plays the discrete prior PDF associated with the model 
estimate in a particular spatial location. The dots rep-
resent the height of the prior in each interval. Figure 
2b displays the discrete likelihood PDF for the case 
where the measurement mean equals the model result. 
The dots represent the height of the likelihood in each 
interval. Figure 2c displays the discrete posterior PDF 
for the case where the measurement mean equals the 
model result. The dots represent the height of the pos-
terior in each interval. The lines in Fig. 2 represent a 
smoothed function fitting the dots (i.e. the approxima-
tion to a continuous PDF). 

The standard deviation of the posterior then was 
determined by progressively summing the confidences 
in intervals surrounding the mean until a value of ap-
proximately 95% was obtained. For the particular pos-
terior distribution used in this example, this 95% con-
fidence interval is 0.75-0.95 pg m-3, which indicates a 
standard deviation of 0.05 pg m-3.  

 
3. Summary of Posterior Distributions under 48 

Conditions  
 
The method outlined in the example considered 

above was applied to a broad range of “true” concen-
trations and ratios of the mean measurement results to 
model results. Based on the analysis of Venkatram [9], 
it was assumed that the model result was unlikely to 
differ from the measurement by more than an order of 
magnitude. Specifically, values of measurement con-
centration equal to the model concentration (Cm), 
equal to twice the model concentration (called here 
Cm*2), equal to five times the model concentration 
(called here Cm*5), and equal to ten times the model 
concentration (called here Cm*10) were considered. 
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Fig. 2. Example graphs of the PDFs of the prior, the 

likelihood, and the posterior. (a) Graph of the prior 
PDF. The x-axis gives the possible concentration 
values and the y-axis shows the probability 
corresponding to each pollution concentration. The 
total confidence is shown as the area underneath the 
curve. (b) The likelihood PDF. The x-axis gives 
concentration and the y-axis shows the probability 
corresponding to each pollution concentration. The 
total confidence is shown as the area underneath the 
curve. (c) Posterior confidence that concentration is 
of a particular value. The x-axis shows the 
concentration in μg m-3 and the y-axis shows the 
probability corresponding to each pollution 
concentration. Here, the 95% confidence interval 
shows that concentration lies between 0.75-0.95 pg 
m-3, with standard deviation of 0.05 pg m-3, given 
that model concentration and measurement 
concentration are the same and that model 
uncertainty is 110% and measurement uncertainty 
is 10%. 

 
Table 2 summarizes the 95% confidence inter-

vals and their associated standard deviations on esti-
mates of air concentration for a pollutant under differ-
ent conditions of model/measurement ratios (1, 2, 5 
and 10) and measurement uncertainty (standard errors 
of 10 and 50%). The first column identifies the par-
ticular input parameter examined. The second column 
shows whether the PDF examined showed model con-
centration equal to measurement concentration, twice, 
five times, or ten times model concentration. The third 

column shows the 95% confidence interval given 10% 
measurement error. The fourth column shows the 
standard deviation associated with the values in col-
umn three. The fifth column shows the 95% confi-
dence interval for 50% measurement error. The final 
column gives the standard deviation for the confi-
dence intervals in column five.  

 
DISCUSSION 

 
1. Discussion of the Results 

 
By using a Bayesian technique to combine 

ISCST3 modeling results (the prior) with measure-
ment data (the likelihood), a posterior PDF is pro-
duced describing the uncertainty in the concentration 
of a pollutant at a location in space and time. However, 
as will be shown below, we found that the inclusion of 
the modeling results may or may not result in signifi-
cant reduction of the uncertainty associated with esti-
mates of air concentration used in exposure assess-
ment. As expected, the results of Section 3 indicate 
that as measurement concentration deviates further 
and further from the model concentration, the poste-
rior distribution shifts and broadens. Specifically, the 
mean of the posterior moves to a point between the 
centroids of the prior and likelihood distributions. In 
conjunction with the shifting and broadening of the 
curve, the range of concentration values that constitute 
the 95% confidence interval increases.  

Notice that the model parameters with smaller 
associated output uncertainties produced narrower 
posterior distributions. As the model output uncer-
tainty increased, the posterior distribution character-
ized by the 95% confidence interval for this distribu-
tion broadened as expected. And therefore, the 95% 
confidence interval also became larger. The same 
statement is applicable to measurement uncertainty. 
As measurement uncertainty increased from 10 to 
50%, the posterior distributions again became broader 
with larger 95% confidence intervals. (However, no-
tice that for wind speed, one of the standard deviations 
was not identifiable.)  

The data produced in section 3 present a specific 
case in the Bayesian methodology, using the numeri-
cal values for wind speed, etc, from the exposure sce-
nario studied. Table 3 shows a more generalized sce-
nario utilizing the same Bayesian methodology de-
scribed above, but without reference to specific wind 
speeds, etc. Using a lognormal prior and a normal 
likelihood, the table compares nine sets of posterior 
distributions. A prior median concentration value of 1 
was used. However, the geometric standard deviations 
(GSD) of these priors were set at 1.1, 2, and 5 (these 
represent potential model uncertainties encountered in 
practice, respectively). Each of these priors was com-
pared to three sets of likelihoods. The likelihoods 
were normal and their means were set equal to the 
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Table 2. Summary of the 95 % confidence intervals and their associated standard deviations. The first column identifies 
the particular input parameter examined. The second column shows whether the PDF examined showed model 
concentration equal to measurement concentration, twice, five times, or ten times model concentration. The 
third column shows the 95% confidence interval given 10% measurement error. The fourth column shows the 
standard deviation associated with the values in column three. The fifth column shows the 95% confidence 
interval for 50% measurement error. The final column gives the standard deviation for the confidence intervals 
in column five. 

   
95% Confidence 

with 10% Standard 
95% Confidence 

with 50% 
 

Standard 

   
Measurement 
Error (pg m-3) 

Deviations 
(pg m-3) 

Measurement 
Error (pg m-3) 

Deviations 
(pg m-3) 

Wind direction PDF Cm 0.75-0.95 0.05 0.05-1.45 0.35 

  PDF Cm*2 1.35-1.95 0.15 0.15-2.35 0.55 

  PDF Cm*5 3.35-4.35 0.25 1.55-3.35 0.45 

  PDF Cm*10 5.95-7.55 0.4 2.75-4.55 0.45 

Wind speed PDF Cm 0.75-0.95 0.05 0.75-0.95 0.05 

  PDF Cm*2 0.95-1.15 0.05 0.75-0.95 0.05 

  PDF Cm*5 1.35-1.55 0.05 0.85-1.05 0.05 

  PDF Cm*10 Not Measurable N/A 1.05-1.25 0.05 

Stability Class PDF Cm 0.75-0.95 0.05 0.5-1.45 0.35 

  PDF Cm*2 1.35-1.95 0.15 0.05-2.65 0.65 

  PDF Cm*5 3.35-4.75 0.35 1.25-4.45 0.8 

  PDF Cm*10 6.35-8.35 0.5 2.95-5.95 0.75 

Emission Rate PDF Cm 0.75-0.95 0.05 0.35-1.15 0.2 

  PDF Cm*2 1.25-1.65 0.1 0.75-1.35 0.15 

  PDF Cm*5 2.55-2.95 0.1 1.25-1.85 0.15 

  PDF Cm*10 3.95-4.35 0.1 1.85-2.45 0.15 

Plume Rise PDF Cm 0.75-0.95 0.05 0.05-1.45 0.35 

  PDF Cm*2 1.45-1.85 0.1 0.55-1.75 0.3 

  PDF Cm*5 2.95-3.75 0.2 1.35-2.55 0.3 

  PDF Cm*10 4.95-5.75 0.2 2.35-3.35 0.25 

Overall Uncertainty PDF Cm 0.75-0.95 0.05 0.05-1.45 0.35 

  PDF Cm*2 1.35-1.95 0.15 0.05-2.65 0.65 

  PDF Cm*5 3.35-4.95 0.4 0.95-5.15 1.05 

  PDF Cm*10 6.75-8.75 0.5 2.65-7.25 1.15 

 
prior mean (Cm), 1.2 times the prior mean (Cm*1.2), 
twice the prior mean (Cm*2), and five times the prior 
mean (Cm*5). In addition, three standard deviations for 
the likelihood were used (10, 25 and 50%). Again, 
these represent the range of measurement uncertain-
ties one is likely to encounter in practice. For each set 
of posterior distributions, the central tendency esti-
mate (CTE), standard deviation (68% confidence in-
terval), and standard error were examined.  

Notice from Table 3 that given a prior GSD of 
1.1 and likelihood standard deviations of 10, 25, and 
50%, producing a posterior PDF is effective in reduc-
ing uncertainty in all but one scenario. The only in-
stance where the posterior PDF is ineffective is with a 
prior GSD of 1.1, a likelihood standard deviation of 
10%, and the likelihood mean set at five times the 
prior median. Here, the standard error is 0.129 or 

12.9%. For each of the other scenarios where prior 
GSD is 1.1, the posterior standard error ranges be-
tween 0.07 and 0.099, a slight improvement over only 
having either modeling results or measurement data. 
In addition, notice that the posterior CTE given a prior 
GSD of 1.1 is approximately equal to the measure-
ment mean when the likelihood standard deviation is 
low (10%) but is almost entirely driven by the prior 
median value as the likelihood standard deviation in-
creases.  

Examining the second column where the prior 
GSD increases to 2, producing a posterior PDF is only 
effective in reducing uncertainty for some of the sce-
narios. With a likelihood standard deviation of 10%, 
uncertainty is slightly reduced until the measurement 
mean becomes 5 times the model concentration (Cm*5). 
Notice here, the posterior CTE is driven mostly by the  
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Table 3. Comparison of posterior central tendency estimate (CTE), the standard deviation, and the standard error (Std 
Error) for different combinations of lognormal prior and normal likelihood. A prior median concentration 
value of 1 with geometric standard deviations (GSD) of 1.1, 2, and 5. These three sets of priors are compared 
to three sets of likelihood standard deviations (SD) of 10%, 25%, and 50% to produce nine separate sets of 
posterior results. The likelihood means are set equal to the prior mean (Cm), 1.2 times the prior mean (Cm*1.2), 
twice the prior mean (Cm*2), and five times the prior mean (Cm*5).  

  Prior Median = 1   Prior Median = 1  Prior Median = 1  
  Prior GSD = 1.1   Prior GSD = 2  Prior GSD = 5  

  CTE Standard Std  CTE Standard Std CTE Standard Std 
   Deviation Error   Deviation Error  Deviation Error 
Likelihood Cm 0.995 0.07 0.07  0.995 0.09 0.09  0.985 0.1 0.101 
SD = 10% Cm*1.2 1.075 0.08 0.074  1.185 0.11 0.093  1.185 0.12 0.101 
 Cm*2 1.225 0.11 0.09  1.955 0.19 0.097  1.975 0.2 0.101 
 Cm*5 1.165 0.15 0.129  4.775 0.5 0.105  4.915 0.5 0.102 

Likelihood Cm 0.995 0.08 0.08  0.945 0.23 0.243  0.935 0.26 0.278 
SD = 25% Cm*1.2 1.015 0.09 0.089  1.105 0.28 0.253  1.115 0.31 0.278 
 Cm*2 1.025 0.1 0.098  1.695 0.49 0.289  1.835 0.52 0.283 
 Cm*5 1.105 0.1 0.099  3.365 1.27 0.377  4.445 1.32 0.297 

Likelihood Cm 0.995 0.09 0.09  0.825 0.37 0.448  0.685 0.47 0.686 
SD = 50% Cm*1.2 0.995 0.09 0.09  0.895 0.43 0.48  0.785 0.56 0.713 
 Cm*2 1.005 0.09 0.09  1.005 0.67 0.667  1 0.995 0.995 
 Cm*5 0.995 0.09 0.09  0.805 0.8 0.994  0.095 N/A N/A 

 
likelihood mean. Increasing the likelihood standard 
deviation to 25%, the posterior is only effective in re-
ducing uncertainty when measurement and model 
concentrations are the same (Cm). Notice that the 
mean looks to be driven equally by the prior median 
and the likelihood mean. When the likelihood stan-
dard deviation increases to 50%, the posterior is effec-
tive in reducing uncertainty until measurement con-
centration is twice model concentration (Cm*2). In ad-
dition, notice that the posterior central tendency is al-
most entirely driven by the prior median.  

The third column where the prior GSD is in-
creased to 5 shows that producing posterior PDFs are 
ineffective in reducing uncertainty if one has meas-
urement results with errors of 10, 25 and 50%. In ad-
dition, notice that given likelihood standard deviations 
of 10 and 25%, the posterior CTE is driven mostly by 
the likelihood mean. However, when the likelihood 
standard deviation increases to 50%, the CTEs be-
come driven by the prior median. Notice that when 
measurement concentration becomes five times model 
concentration (Cm*5), the CTE drops significantly to 
0.09 with an undetectable 68% confidence interval for 
the standard deviation.  

Overall, a few general conclusions can be drawn. 
First, the Bayesian approach did not produce a large 
reduction in uncertainty for exposure estimates under 
most circumstances. Second, for each of the three 
prior GSDs, given a small likelihood standard devia-
tion (10%), the posterior CTE was approximately 
equal to the likelihood mean. However, as the likeli-
hood standard deviation increased to 25%, the CTE 
became increasingly controlled by the modeling result. 

With a 50% likelihood standard deviation, the CTE 
was entirely driven by the modeling result. Third, as 
the prior GSD increases, fewer and fewer of the poste-
rior PDFs reduced uncertainty, especially with a prior 
GSD of 5 where none of the posterior PDFs showed a 
reduction of uncertainty compared to having only 
measurement data. Here, the recommendation would 
be made that given a large GSD (5 and above), the 
Bayesian approach should be avoided as it results in 
no reduction of overall uncertainty.  

The comparison of the posterior standard errors 
with different likelihood standard deviations as well as 
different prior GSDs can be used to determine 
whether it would be worthwhile to employ the Bayes-
ian methodology to reduce overall uncertainty. For 
example, Fig. 3a compares the posterior standard er-
rors of the three prior GSDs (1.1, 2, and 5) given a 
likelihood standard deviation of 10%. Figure 3b com-
pares the posterior standard errors of the three likeli-
hood standard deviations (10, 25, and 50%) with a 
prior GSD of 1.1. The above figures (Figs. 3a and 3b) 
can be used to determine if a reduction in uncertainty 
can be expected when one has measurement data with 
known measurement error and modeling results with 
known geometric standard deviations. For example, if 
one has measurement data with measurement error of 
10% and modeling results with a geometric standard 
deviation of 1.7, Fig. 3a can be used. Imagine that the 
measurement concentration is about twice that of the 
modeling result. Examining Fig. 3a, with the above 
given information, the posterior standard error for a 
GSD of 1.7 lies somewhere between the two series 
that show the standard errors for GSDs of 1.1 and 2. 
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Fig. 3. Posterior standard error comparison for a particular 

likelihood standard deviation or prior GSD. (a) 
Posterior standard error comparison for likelihood 
standard deviation of 10%. The x-axis shows the 
increase of the likelihood mean and the y-axis 
shows the posterior standard error.  The three series 
compare the standard errors associated with prior 
GSD’s of 1.1, 2, and 5 respectively. (b) Posterior 
standard error comparison for prior GSD of 1.1.  
The x-axis shows the increase of the likelihood 
mean and the y-axis shows the posterior standard 
error.  The three series compare the standard errors 
associated with measurement standard deviations 
(meas SD) of 10%, 25%, and 50% respectively. 

 
At that location, the posterior standard errors are ap-
proximately 0.09 and 0.1 respectively. It is expected 
that given a GSD of 1.7 and 10% measurement error, 
the posterior standard error at the same location 
(measurement concentration approximately twice 
model concentration) is somewhere between 0.09 and 
0.1. Thus, it would be worthwhile to employ the 
Bayesian methodology to reduce overall uncertainty 
in this instance.  

 
2. Complex Scenarios and Model Calibration 

 
The mathematics described in previous section 

considered concentration at a single spatial location 
given measurement data and model prediction with 
both quantities estimated for a relatively short time 
period (24-h time-weighted average concentrations). 
Additionally, the parameter values were relatively sta-
ble during the period of calculation and measurement. 
The methodology developed for this simple case may, 
however, be expanded to more complex cases involv-
ing measurement locations and longer time intervals 

over which fluctuations of parameter values occur.  
A more complex scenario may again involve 

concentration at a single point given a time-weighted 
average measurement but over a long time period (e.g. 
several years). Over this longer period of time, model 
uncertainty should be smaller, since fluctuations in 
wind speed, direction, etc, will be averaged or 
smoothed. The methodology developed here, however, 
will continue to apply, with replacement of the 
model’s FE (F) by a smaller value characteristic of 
predictions of long-term time-weighted averages. 

The second complex situation involves multiple 
spatial locations for measurements, each with meas-
urement data and model predictions for a short time 
period. One may need to know the mean exposure or 
concentration to the population spread across several 
spatial locations. Given posterior PDFs for these sepa-
rate spatial points, the standard deviation of the con-
centration estimate for each location can be deter-
mined. Knowing standard deviation, the equation for 
the total mean standard deviation (i.e. standard devia-
tion of the population-weighted average exposure) is 
given below:  

 

(σmean)
2 = (σ1)

2×(f1)
2 + (σ2)

2× (f2)
2 +  

(σ3)
2×(f3)

2 +…+ (σn)
2×(fn)

2  (5) 

where fi is the fraction of the population exposed at 
each spatial location, i, and σi is the standard deviation 
of the posterior at location i.  

The point with the highest product of σ×f con-
tributes the most to the total mean standard deviation 
and also contributes the most to the calculation of risk 
for the population. Reduction of the overall uncer-
tainty in mean (population-weighted) exposure would, 
therefore, be accomplished in the most cost-effective 
manner (i.e. in the lowest number of additional meas-
urements) by focusing on additional measurements at 
the spatial location with the highest value of this 
product. 

 
3. Assumptions and Conclusions 

 
It is important to note the assumptions underly-

ing the present analysis. The most evident assumption 
is that the dispersion of air pollutants can be properly 
described by a Gaussian distribution. In addition, 
along with the use of a Gaussian distribution come a 
host of assumptions and constraints, such as that 
stated in Beychok [10]. The use of Dabberdt and 
Miller’s [3] article to assign uncertainties to the five 
input parameters (wind direction, wind speed, stability 
class, plume rise, emission rate) is also an important 
assumption. The assigned input uncertainties may not 
necessarily represent appropriate input uncertainties 
specific to the ISCST3 model. 

The way in which Dabberdt and Miller’s as-
signed uncertainties were used can also be questioned. 
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For example, in order to determine the output uncer-
tainty associated with a 15% increase in wind speed as 
the input uncertainty, all wind speed values were uni-
formly increased by 15 % prior to the model run. 
Given that the model run was for 24 h and ISCST3 re-
quired hourly wind speed data, a total of 24 wind 
speed values were increased by 15%. The assumption 
made is that the anemometer measuring wind speed is 
always overestimating wind speed by 15%. This is not 
necessarily the case. It is more likely that the ane-
mometer could be off within the range of ± 15%. Thus, 
a more effective way of estimating output uncertainty 
could be to randomly select input uncertainties within 
the range of ± 15% for each hourly measurement of 
wind speed in the 24-h period. The input uncertainties 
for the other variables could be manipulated similarly 
to the method. 

The substitution of stack gas exit velocity as the 
input variable used to propagate uncertainty for plume 
rise is also of concern. As described previouly, plume 
rise is an equation that is a function of multiple vari-
ables. Adjusting only stack gas exit velocity to deter-
mine the output uncertainty associated with plume rise 
may not produce a particularly accurate estimate of its 
uncertainty.  

In addition, only five input parameters described 
above for model uncertainty were considered. Cer-
tainly, these are not the only sources of uncertainty 
within the model. These five input parameters chosen 
most likely contribute to the bulk of the uncertainty in 
ISCST3. However, a broader approach would include 
more parameters for the uncertainty analysis. 

In estimating the measurement uncertainty, 10 
and 50% were used because they were representative 
of typical measurement uncertainties. Applying this 
process to an actual site would certainly require know-
ing the measurement uncertainty associated with the 
particular monitor being used for measuring pollutant 
concentration.  

Finally, calculating the prior and likelihood func-
tions, the model output and measurement uncertainties 
were assumed to be normally distributed. Equations 
for the prior and likelihood reflected that assumption. 
Had the assumption been made that model output and 
measurement uncertainties were lognormally distrib-
uted, different prior and likelihood equations would 
have been used resulting in different posterior distri-
butions. 

In addition to the refining of the approach to ad-
dress the above assumption and limitations, a subject 
of great interest would be a more complex scenario in 
which there are multiple points with some not having 
measurement data. The method of properly interpolat-

ing between points with posterior distributions and 
points without them would be of great use for deci-
sion-makers faced with limited funds. By identifying 
where the greatest need for monitors is, a significant 
amount of time and resources can be saved.  

Overall, the method presented in the study has 
the potential to be very useful. By refining the process 
of uncertainty analysis as well as the Bayesian meth-
odology, the Bayesian technique could be very useful 
for more accurately identifying pollutant concentra-
tions and in turn, more accurately determining human 
health risks in a more efficient way.  
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